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1 Introduction

Linear Random Funectionals have been uzed extensively by the author [1], [2]
to dewslop the theory of Kalman filtering for infinite dimensional linear aya-
tems. It iz reminiscent of the concept of stochastic integral, which it partly
generalizes. Stochastie caleulus ig developped in relation with Linear Ran-
dom Punctionals. We compare this approach to that of cylindrcal Wisner
proceszes, introduced by G. DAPRATO - J ZACZYK [6]. We alzo consider

gome nonlinear problems, which ssem to appear for the first time.



2 Linear Random Functionals

Let & be a separable Hilbert #pace and & ita dual.

Let (2,4, F) be a probability space.

A Linear Random Functional (LLR.F.)on &' iz a family ¢, {w) of real random
varables, such that

(2.1) e — o lor) i3 as linear .
As a panticular case we have

(2.2) oo [89) =< s, (o)) =

where ¢{w) iz a random varable with values in &. Note that the exstence
of {{w) such that (2.2) cccurs iz equivalent tothe fact that the LRF izas
contipnous When this property iz not satisfied, it may happen, which will
be generally azsumed, that

(2.8) pr = o) € £(3Y LR, A, P))

In that case, the quantities F,, and Fq,, ¢, have a meaning, and moreover
we Al WwWrite

(2.4) Eg,, =<mM,pse >, MEg

(2.5) El s — B, B, = <Tlp,, @, >

with T' € £(%', &), self-adjoint and poeitive.

We call m the mathematical expectation and [ the covariance operator of
the LER.F. ¢,,.

Let T be another gaparable Hilbert gpace, and «w be an affine map from & to
T defined by

(2.6) ulp)=w+ By, T, BFcli(®T).

Given ¢,, a LRF. on &', we define the image (w)y, az a LRF on T, by
the formula

(2.7) (w)p (o) =< 9,9 >+ Gy, o)

[t i# easy to check that the mathematical expectation and the covariance of
the image are glven by the formulas

(2.8) E(ul)y, = <@+ Bm, ¢ =
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(2.9 E[ﬂfk‘[ﬂg]g“ — E[ﬂ§j¢,E[ﬂ§j4‘ =< BT B%),, ‘-!,5* =
Az a panticular important case, we ghall consider
& = L*{0,T"E), F separable Hilbert zpace
and a LRF on & = L20,7, E) denoted by £eupyled), where e, () iz any
element of L2(0, T, B, with the covariance operator
T
(2.10) < Teul), &) 3= [ <Q(9ea9), 8uft) = dt

where Q) € L* (0,7, L(E", E)) zdf adjoint, positive.
Congider the example E = B = A, Q(f) = 7, and &(3(w) is gaussian,
we( ) € Z*(0, T &), with mathematical expectation 0. Let £, -, €, be an
crthonormal basiz of B* consider the stochastic procesa
5%1[,10[.)["'"’1) = au(t)
then
Eug(thw,;(s) = dy min(t,s)

and thus w(f) = (wy(t), -, () iz a Wiener process, with values in A* It
1z eagy to verify that

(2.11) Golw)= [ e aufd

where on the right hand side, we have the usual stochastic inteeral. This
identification doeg not carry over to general Hilbert gpaces, but a generaliza-
tion of the stochastic intesral i poseible, as shown in the next asction.
Heowrever when (f) iz nuclear, namely

T
Zj.; < Qt1Ess , € = df <00
for any orthonormal basis e, ; of B, then we can write

Eontylw) = j:c:a*[tj,dw[tj =

where
(2.12) wlt) = Z_}wé[z),r-é-e%é
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with Jigomorphizsm from F to B and

W) = Levary, -
The convergence {2.12) iz in £*(0), A, B
Thia analyeis shows that the concept of L. RF. generalizes the usual approach
of the white noise based on the Wisner process and stochastic integral with
determiniatic integrand.
“Wea ghall ghow that the stochastic integral with adapted stochastic integrand
can be generalized within the framework of LB F s

To cope with diffieulty of the convergence of (2.12), G. DA PRATO, J.
ZABCYK [6] have introduced the concept of eylindrical Wiener process. It
follomrs from the following congideration. Call firet, to simplify the notation

-1
E-é_ = ...ir E::_,é_

which iz an crthonormal baza of & NWow, pick any ssquence o = [, auch
that By = 1.
Diefine nest

(2.13) Ey = {e=Y e | ¥ Mo < oo}

which we equip with the acalar product norm
(2.1 lel} = Toakar

Obvioudy & < Fp, and the injection of F into & 1z Hilbert Schmidt, since
lesl|i = . It is easy to check that

(2.15) w(t) = Dw(f)e € L(0,T, L}, 4, P, Ey))
and
(2.1€) Ellw(fli =123 o .

Then, we may take, az a definition
T
(2.17) oy () = an < euff), & > duw(D)

and indeed the formal sum on the right hand side of (2.17) converses in
L0, A, F). Note that the space E; does not play any specific mole in (2.17),
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and that F{ < F', which implise that < e.(f), w(f) > cannct be interpreted
in the genze of the dualité £ E).
Thege consderations show that the right objeet to consider is the LEF.

Eealy 0.



3 Generalized stochastic integral

Congider a LR.F. on L*(0,T; E'), £.,;3y(o), which iz gaussian, with maths-
matical expectation 0, and covanance operator defined by (2.10). We con-
gider a filtration £* and we assume that

£

. iz £ measurable, Ye, € B’ Ws < ¢

(3.1)

ig independant of £ Ye, € B', ¥s <t
g &p ,

E‘ll:dl.- 5)

When
£ = o[ty Ves € E', V5 < 1)

then the second property (3.1) follows from the ganssian assumption and the
non correlation of &y, ,, #ith the vanables generating &

Az in the umal case of stochastic intesrals, we shall extend the definition of
Eea(3107) 10 &e, (puy(w), Whera e,(f; w) i3 a stochastic process with walues in B,
adapted to the filtration £*, such that

T

(3.2) E [ fleafl? dt < oo
o

We shall prove the following

Theorem 3.1 Consider {_ (w) and e.( w) as above and assume (3 1)
Then Luyzoy(0r) 25 defined as o rondem variable in LA, A, P), and one has

[33} E f:.[.;.)[-j =U

(3.4) E (g“t_;_j[.)jg —E LT < QT)es(T: W), ea(T; w) = dT

Froct.
The method ia very cloge tothat of theconetruction of stochastic intesrala,
One conalders firat plecewise conegtant in time intesranda, as follows

(.5) el (tu) = 3 e (w1

e [eHlT: [t)
=0 U



where e3%(.)) iz a random variable with values in E', which iz £% mea-
gurable. Thanks tothiz property eX(f) iz adapted to the filtration £ More-
OVEL We ASIINS

2
(3.6) E e < o0
which implieg (3.2). We zat
N-1
(5.7) )= 20 Cneryn. (@)
=0t [T, fetl) )
The random variable £ (o) can be defined by composition of
CW I:wj 1[%E 'H'ETj

applications, or by making usge of linearity

(3.8) ¢, (w) = 3 ((e2(w), e05)) £ ()
+H 5

eI 1 v BT a1y £

where e,; iz an orthonormal basiz of B, provided of course, we show that
thiz limit exsts (in fact in L3(02,.4, P)). We gkip thiz step, but the following
caleulation shows implicitly that this limit iz valid.

Then cne notices that

(39) E&., () € o () =0, if k2
' (5T G40 75 ' (4%, (240 )
Indeed assume tofix the ideas £ = &£+ 1, then note that £ {wr)
ey (o0l pq s
- 0%, () T
iz £°% measurable, and
T
7| =
E ‘E: i‘:‘gl:-;.ljl [le Ez ] l:l

&

since e (w) is ¥ and £ () is independant of £%, for any de-
Vi
terministic €., thanks tothe assumption (3.1). Hence (3.9) follows. Consider

next

2 _ a| ~%T
E (Ez ph 1[&5;[&4-1) e [Mj) : [[E( j ’ ]]
=E [E (i. "R R F [w))ﬂ £.=e£f"‘iw3']

o 1)
=F f( : = Q[Tjef’j‘[mj, ef’j‘[w]:}dr.
ki



Therefore we have shown that
a e
E (£, @) = B[ <Qmelrv), elfrio) > dr.
L o

From thiz property and clagsical reascningg related to stochastic intesrals,
one obtaing (3.4). O

Wea checl: further properties, which generalize aimilar ones elated to ato-
chaztic inteerals. We hawve

Proposition 3.2 : The following propertees hold
3.10 E .
(3.10) [P

E“]=III

(3.11)E [(g”[_i_:uw[.j)g &) =kr [f* < Q(7)ex(T,u), (T w) > dr|e’]

Procf We ghall concentrate on (3.10). The proof of (3.11) iz similar. Congider
first (3.5), and the random waniable £,y . It {w) with & < £ Clearly

w—1

£l a W= ¥ & nier
oot ) kg L Mg, EHUT

and the interval (5-V s, &JE;\ t) iz not void when s < F%E and ¢ > EL.
Congider then

(]

E[E-rﬂ-,w}lw) ["J’])F] -
&

]

w—l
E
_I‘-;Z=I::I [gﬁrjc(wjlt&;v:rwmj

M-l
SER ]
=0

CiF i, BT 0

Noting that eM#(w) iz £% ¥ measurable, and using again the 2nd part of
asgumption (3.1), we have

Eex

T,
oy g5 =n.
* [&-_HIT""’% Fo-4-1 TI‘\.#:I
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Collecting results, we deduce

E £
[égﬁ_;wlg,;j
and thus (3.10 follows easily. O

We can then introduce the stochastic process

(3.12) 15 ) = Lealzadlp g (07)

which iz adapted to the filtration £*, and thanks to (310} izan £&* martingale,
Moting that each procesa

E*]=III

"i'_l'.i'é,[t) = Eg,__‘;l[q_ﬁj
iz a Wiener process, we ¢an up to an equivalence, consder (1) to be con-
tinucouz. We can then check the

Proposition 8.2 it Up to an equivalence the process ff; 1) iz continucousa,
Froof We shall first prove that

[3 13) IN[tI 'I""]:I = gﬁfé].[qa) ['I""]:I

iz a contimious & martingale. It is sufficient to prove that, ¥k

(3.14) £ 1o ) p geanr (2 izan & continuous martingale
O I

Define

e () = i([e‘“:‘“[wj,eh:i))%

s=1
which iz the projection of e2*%{w) on the finite dimensional vector space

gpanned by €41, . .. ,Exm. Then, from the continuity of w;(f), and the defini-
tion (3.8) we can easzily assert that

(3.15)  &p. (w) izan & continuous martingals

(w) 1[“‘-;, Ll“"';l T )

Therefore, rom classical properties of martingales, it follows that

2 Bl
E ap |‘5Pw£“= | < 4FE ﬁ_T < QryPre ik prelk o dr

QLT 1[&,?, et sy
(5.16)

2
< cNE” P’”‘ef”“" .
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We can procesd with a claseical reasoning, Define the aubsequence P auch

that
1

2
M Mk
B| el — el = o

then
| et prsel < 2

Therefors, from (3.16)

2 3
FE @ | iz — ke | = O
Di#g’f‘ gpwg' l[ﬁrm%m.) gpw_ﬂﬁ" 1[&_&'%@) - P

and

1 iy
= —) = SCNﬁ

Epmmit o] ] 1 | ]
bOrREE T

HJ:]' Fe T Fel) T -
[ =5

4
On the basia of Borel Cantelli Lemma, since the geriea ?21'_“ la convergent, wa

deduce, that a., Ir(er) such that v = nw) implies

1

teke - e <
T L T e - =i SO B £
and thus a g,

Epm-.g{“‘l T converges uniformly in £,
(T

towards a limit which iz continuous, az n — +oo. The property (3.14)
follows, up to an equivalence. The result iz thus true for (3.13).

Since for each eg[jj adapted to £* and satisfying (3.2), we can associate
a saquence e azin (3.5), with

T
Ef e — e|Pds — 0
u}

We can perform again a reasoning similar to that above to complste the
proct. O
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Proposition 3.3, Let 7, 7 betwo £f siopping times with 0 < 7y < < T
a8 when one has

[3.1?) E[Ehl}};-}l[ﬁ,.’g)['j| Eﬂ] =0 aa=

E[(Eﬁ'(':';':'ltmq;. ['jjl2|gn] _
(3.18)

E[l:2 = Qimies(T,w), ee(Tiw = dT|£'”-] a8,

Procf. (3.17) iz equivalent to
E[i{ry)le™| = I(m)

which follows from Doob’s opticnal sampling Theorem, zince f(1) iz a con-
tinuouz £* martingals, and 7, & are boundad.
Similarly (3.11) implies that

a H
(I[t}) —f < @r)e(T),e(T) > dr izan £ maringale.
o
Using again Doob’s opticnal sampling Thecrem, the property (3.18) follows
aazily. O

Finally, we extend the concept £,p..)(w) to processss e,(% o) which are
adapted to £, with values in E', and instead of (3.2) satisfy

T
(3.19) f lea(D|fdt < 0o as.
u]

We =2t (not to be confused with (3.5))

+

e.(f w) i f”e*[sjngdsihr
u]
*

(5.20) el (5 w) =
0 if L les(s)|ds = M

then

e L
LoleXlras = [ leaela
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whera .
ty = sup {t < T|f l|e«(s)||*ds = N}
o
and

(3.21) f”ef[ﬂ”ﬂm < N

We can congider thesequence  yr.y(-), which iz well definad, thanksto{3.20).
Lt nestt

Qn = {u] jjne*[t)”gdt < N}

then Qy iz increasing and PO — |40 = 0.
Lt w €| oy O, in particular 0 € Oy, ¥V = Mplw). Clearly

eNliw)=ealiw), W2 Nofw)

therefors
é-z{fl:-;w::l[b":lj = gﬁr‘b(‘;”:‘ vV E ND[U"JJ

We can deduce the estimate
T . I
3227 Pl =su el w| = e ﬂPf gLl EN|*dE > N 4+ —
(3.22) (DE*ETIE Gy ()] =€) < P [ Jlea(9)] 1+ 3
Indeed, by the martingale property
P[: i)

1 7 Y
o] = R Nedy||Pde < —
Dg#ET'EEF(';”jltﬂ.ﬂ[wjl C:I = L lles (2)]|"dt = =

and ~
EE;(‘E“’}'I[D.Q [""“]j = EEF[-;N:II[D,.;J ["'"’Jj if [:l ”E*[tj”gdt E ¥

which implieg (3.22). It then follows that

TN 2. F : :
(3.23) f e (8) — eaf)||*dt 2> 0implies

o

a
BUP [Erpaiis — Gealsollpy| — 0. 22 IV — oo,

0T
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4 Generalized Ito’s formula.

Generalizing the gtandard definition we ghall say that the acalar process 5,
adapted to £ and continuouz has a o differential whenever we can write

¥
(4.1) 5(2) = Fo+ [ alriwlir + o, ()
where
(4.2) o ise” meamimable, ES; = oo
T
(4.3) c(t) iz adapted to £* and Ef |l m)|Fdr = oo
0

e+t 7] iz a stochastic process with values in B,
(4.4

T
adapted to £%  auch that Ef lle«()]|2dE < oo
0

Let now 1z, £) be a ¢! function, we can state the following
Theorem 4.1 . Asume (4.1} to (4.4}, then fhe process (511),1) has a o
dgferentzal giwen by

#5009 =p(500,0)  + [ [2250r), 1) +4/(5(r), Tafr)

1 .
(4.5) +2¥ (5(r),7) < Q(r)es(r), exfT) > |ar
HE(E (3 el dpg )

BRemeark 4.1. It iz c¢lzar that the right hand side of (45) iz of the form
(4.1). i
Proof of Theorem 4.1.

To amplify we limit ourselves to the cage Fo =10, alpha(r) =0, =z, {) =
Pix). We thus have to prove

(4.6)9(5(1)) = %[; BN = QT (7) (7)) = AT+ Lpip et g
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We can next assume that
(4.7) le«{Eien)]l = e

Indesd, suppoee (4.6) i proved whensver (4.7) holds, then aet

es(fiw] If leffw)] =m

et W) =| mesltw)
A ——— if ||eLlE; w)|| =2
et et
and
8 = ety
Slnee

ag e —e, in L0, T,EN
we deduce from (5.25) that

sup  |F°(8) — S{fvert 5 0
DT
By extracting a subsequence, we can asaert that

as.  sup |57(9— B(H] =0
0T

Cne can then pass to the limit and obtain (4.6). We can then asmime (4.7).
L&t then
To—sup {0 <t < T [|5(8)] > m}

cleardy 7, T T a2 . Suppose we prove (4.68) with S(f) changed into 5°(f) =
St M 7., which corresponds to changing e, ) into e3() = €41 1{g.,), then
leting 1 T oo, we deduce eazily (4.6). Therefore we may az well azsumes that

(48) 1Bt )] < c.
We thus assume (4.7), (4.5) and prove (4.8) for £ = T\ Hence

(8 BB = 5 [ 9" (50 < QUEJealt) oolt) = B+ Eurprnts
We write

W(B(T)) = Z:w( D) y(piEh)
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- 5w (o) ) (D)

+Zf [ow (5 e EET) 550 (5 VT 5 ED g,

=fy+Ify

v ={
oo WA &h%)ltf‘—ﬁrT, fety 7= #0
Wa have, noting (4.7)

T = kT
as [ WD)~ X WB( )z e Pllea()]2 — 0
Ju] =0 i N I :'
Therefore, uzing (3.23), we can assert that

(4-10) In = Guiptied)

Mext
R, [[F::+ 1T

Iy = Z ¥ (5 ) — ,ﬁ[%))g + 1T,

et
Zy= ;;Z__.:;. @M) _ﬁ[Ejjg

Yy= =aup ff
k=0 -1

—y" (ﬁ[%)ﬂmm

m+nT

I'+3’t e v B ﬁ’[ )+

then
|II | < ¥ o

and

P(YNZNEE) = P[EN25J+P|[YN3§)

[

%E Eﬁ < Qe r) e 7)) = dr + PYy = :%j.
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BEut, from the continuity of 5(f),
Yy —0 as ,az N =0
hence c
Pl¥y = E) — 0 as W —oo, Ve i
[t followrs that R
[4.11) ff"N—} 0 az N — oo

et
lN 1

Hiv=5 5 ' {ﬁ[— f < Qtleat), ealt) > dt

~ [0 00) < @loents), ey = ds
The proot will be complated if we show that

k40T =T
[( g+ UT o KT

EN—ZMﬁ S s+

(4.12)
Fe41T

/7 <qaen =a L0, s N oo

Thanks to (4.7, (4.8) we can compute

e+ 1T

Bxl, - ZE(w B (e ) -5

(4.13)
E+1 T

_fw ) < Gelt),e.(f) = dt]g

gince for & < £, using (3.11) cne has

s (5 (DD S ED)- [ T < Qried el > o

17



(LT

[( [[€+1:‘T) Al— )) fw ’ < QfleLt), e.t) = dt] =10.

Then
BEY, = z: [(prE 2T sy ff{@me*m,e*tﬂwt]g
< : mlpEEE s 2
But _
ng[ﬁ[[kJrle) s < 8{_sw_ pEEYD) oD
“’g-;( |[;=;:+1le:J ﬁ[%ng}
<(z_swp |p(EET) oS0

(5] Z:c;ﬁ“‘:“”) - sEDy

Thanks to (4.8)

(k+1)T

T4
(414 E sp |5 ~B(==)] =0, a N — 4o
=0 .M -1 i

Set nest

_ i( [F:+1jT

=0

_—_— ﬁ[[m)) P=1, N

i

we have

vi= ¥ (EED s(E Lo 5 (BT

=0 =0

- ﬁt—)) (Var—Vier )



But

B[V — Vi | €257 = EIEK s DTy (5T ]
= Z_: E[ff = QT T, el T) .“:3dt|£&#f£] < C.

;i P
F=k+1 I'?

Therefore, as easily aeen
EVE <

hence, collecting resulte one gata
ETE, -0, az N —oo

which proves in particular (4.12) and completes the proof O
Wa can generalize (4.5) to functions #(x,t), x € A", and process Sf) =
(5'(8), -, (1), with

G =Gt [ dnwar e, W)

wjl[ ﬁ:l
We hawe

W0, 9 = 9i8s, 0 + | [T 0607, 1) + B2 (o), e (riv)

M) T (6(0,) < QL) &) > drlar

Bs A0, 354 B g

5 Linear stochastic evolution equations

5.1 Notation - Statement of the results

Lat ug consider the usual triple

VCcH oV
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which ig a sequence of Hilbert epaces, each space being continuoual y embead-
ded in the next one, H iz identical toita dual, and ¥' iz the dual of ¥, All
gpaces are asparable,

Let Al e L0, T £V, V")), satisfying the coereity property

(5.1) < At s = allu®*, YweV, ax0.
Let next B be another Hilbert apace and
(5.2) By e L=, T, £[(E; V).

We ghall congider two Linear Random Functionals, ag follows £p(w), on H,
and £.,ry(w) on L*(0,T'; E") which are ganssian, independant fromeach other,
with mathematical expectation 0, and ecvaranes operator &y € £(H; H ) and
G0 € L0, T, £(E', EY) as in (2.10).

We are going to prove the following,

Theorem 5.1 There emsts o ungque LA F ,,0(w) on LE[D,T,V’],
and a unigue fanily 4t o) of LR F on H, indezed by 1, such that4,(f) €
T
Ee (0,7, £{H, L0, A, B) -:Iﬂ-if Ug i) [ w)dE can be extended from LA(0, T H)
o
to L2(0, T, V"), with the relation

T
(5.3) 20l) = [ tplto)das
Moreowver, one has the relafion
H
(1) +L ParewlT)ET = G+ Lpoppnng, 28

(5.4)
Yhel, ¥i  oasa

Moveouver, if one has defmes for any v, € L*0,7, V") the functionp €
E20, 7V, pf € L*(0,T, V") such that

— + ATt = 0] ae
(5.5)

piT) =0
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and for ang b € H, the famidy (7)) € 220, TV, of € L2(0, T, V") such that

(5.8) — g+ A (T =0 @lfi=h
then ome Ras the vrelafions

[5.7) Unlt) = Lait) HEB a1y
(5.8) Ueul) = &y +Em0y

5.2 Proof of Theorem 5.1

We uge the Galerlan method. Let by, - -, R - - be an orthonormal basis
of H, made of elements of V7.

We define, for fized m the scalar processes 4™ (1), 4= 1. m, golution of
the integral equationa

+ e
59 a0+ fu .; < ATy, B 2 g = G gy

Let & = U[a"’i*f)‘[w’ Wh € H, e.l) € L0, T, E"), then the processes

#%(1) are adapted to £ We then define a LER.F. on H, by the formula

5 10) W0 = L),
and if @.{ ) € L0, T, V"), wa ast
(5.1 up = [ S0 < puld > e

Let uz introduce the detrministic funetion g () sclutions of the differential
gyalam

@) S < AT, By S EP =< g8 B >

=l

(5.12)
B (T)=0, i=1--m
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Apply Ito’s formula (4.15) to the process 70 7 (1™ (1) we obtain
DA (OF () = G + Ll > (EF ()
(5.13)
- ip?[’rj i < A(T)hs, b =gy(m)|dr
=1 =1

HEEp [ )10)

where we have ot "
P = Lo m
Thanks to (5.12), (5.11) we daduce i
(>.14) Uy, = Lo+l
Simularly, if we define N
% (7)= Zlﬁtzi,’filiﬂm
with i
(@) + i < AT b =gl =0, T <t

7=l

(5.15)
gz (8) = (h, hy)

and procesding as in (5.13) yielda

(5.18) U () = {0+ Emgrtingan

Therefore, one obtain immediately
B BREOF = (R[04 (0) + | < BB (), ¢°(r) > dr
B18) Bl = (Re"(),0"0) + [ < BQBP™(r),g"(r) > dr
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for which, and classical egtimates concerning (5,127, (5.15), we obtain

e
(5.185) Elgy " < cfj o[t
(5.20) Ei (o) < el

Therefore #7(%) remains bounded in £° (0,7 £{H; L*(0,.A, P7)) and o,
remaing bounded in £({L*(0, T V"), (02,4, P)). From (5.16), one checks
easily that
T = Lol Fimreimy i L0, A P, Yih
9 = G +ieuy B LHOAF), Ve

Denoting #n(f), ¥4,y the limits, we obtain (5.7), (5.8).
Cn the other hand, comparing (5.10), (5.11) we note that

T
(5.21) 0= | g

Ifw, € L3(0, T H), we can pass tothe limit in the integral on the right hand
gide of (5.21) and obtain

T
(5.22) Yo = [j Upp g LLIEE

Since the left hand side iz well-defined aza LRF. on I° (0,75 V1, it follows
that the inteeral can be extended as well to ¢, () € L*(0, T, V",

It remaing to prove the relation (5.4). We chooee a special basis of #H
guch that

([, h3)) = Xslh, ) YheH, 250,
Note that —%— i an orthonormal basis of V', and /A7h; 18 an orthoncrmal
&

bagiz of V.
For h 2V, L=t

“ iy R
then W™ — h in V7. Mota that (5.9 can be wrtten az

3 W
L) +/|; > AT, B = AT = S £ [l
=1
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or

(5.23) Y08 + [ 4T (1) = G+ Eet
Hince
¢ a ¢
B([ s @EN) = ¢ [ 14 W0 - B, ar
R

and . ,
\/I;I yTt[,)h[Tde = gz‘i[.jm[q_ﬁ) - ya*[.jutqﬂ = L Jy.&“[‘rj&[?-:ld?—
in L0, A, P, Wt

we can pass to the limit in (ref 5.23), ¥t, ¥h £V, and cbtain (5.4). Thanks
to (577, (5.8), the uniqueness iz clear. Thig completes the procf. O

1

9.3 Correlation operator

If we ast
(5.24) (O(Hn, ') = Buultwi(

then we are going to prove the

Theorem 5.2
() € L%0,T, £{H, H)),1(E) =0

galf adjoint and
dé
(5250 6 € L*(0, TV, & < L0, T, V’j,—a + A% < L*0, T H)
then II1(-)6() € £*(0, T, V), &T18 < LA (0,7, V",
4 s
5 18) + [I{—— + A% + ALI6 = BQ B*6

{0} = B
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Proof .
Define the approxzimation

([T (E)h, b)) = By™, [T, (1)

From (5.9) and Ito's formula (4.15), we can write, as easily seen

Smyrioey + < ks, AT >
(5.26)
+ < II™i(th,;, A*r)h; = = < BQ B i, h; =

Let & az in (5.25), set

—d#
E+A*e= we L0, T H)

Lest "
am() = R

and 67 = 3377, 7[R, 1o be the aclution of

Ban)) TEE S < A b, 6y =i 67T = (08,

oet alac
(5.28) o™t = II™(HE™(1)

then uzing (5.28) and (5.27), we daduce sasily, after cancellation

(5.29) %a;"[t)—l— < A[8)a™(8), h »=< BQBE™ by > — (I™u™, h;)

hence
1d 2
§E|&m[t)| + < A(Do™, o™ 2== BB o™ = —(II™u™, 0™
SE (0] < Al 8 >= (7).
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Taking account of initial conditicona
a™(0) = I (0)™(0), 6™(T) = > (B(T), k)0
s=1

it emaily followa that

o™ 8" remain in a bounded subset of L2 (0,7 V)
%cﬁm‘, i&m remain in a bounded subset of £5(0, T, ¥").
Taking conversing subgequences, we hawve

G =8, o™ =T8¢ in L0, T, V) weakly

g™ 48 a4 o
% @ 4 —}dtﬂﬁ‘ in £*(0,7; V") weakly .

Pazzing to the limit in (5.29), one deduces (5.25) sasily
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6 FILTERING THEORY

6.1 The model

The mathematical expectation of the LR.F. #.(t) in (5.4) iz clearly 0. So,
we can complete the model az folows

Yelf) + /;*yﬁ.(,r;.h['rjd"r = /.: <h,o(r) =dr 4+ (£ + &
(6.1)

4
+ j; < h, B[ijl::?':l = dr +£3'[':|-‘31[0,&) ag ,¥h 2 V,¥¢

where g € L0, T, V"), § € H, £ € L*0,T; E).
Introduce the sclution 40f) of

(62) L 1 Alg = ol + B §-¢

then clearly

(6.3) Ey,(t) = (g{t)h) .

Let i) € £~=(0,T; £(V; 7)), F Hilbert space. We consider a ganssian
LR F on L0, T, F, dencted L {wr), which iz independant from ), €.t (wr],
and has mathematical expectation 0, and correlation operator

(5.4) Bt Mar, = f < AD)f(2), £o(t) = dt
with
(65)  A{yeL™0,T c(F FYy, AN)eL™0,T LF, FY) .

We conasder the cbeerwmtion LE.F. defined by the formmla

T
(6.6 Zay ) = [ oprup (D 17,1, (0)
in which the integral iz well defined thanks to (5.3). Wea have

(6.7) EZsp = f; < £.08),C{8(1) > dt .
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From (5.8), one can write alzo

T
(6.8) Za0y = i) + Er0l) AL +£ < C{LH(2), folt) > dt
where p ig the aclution of

(6.9) 0 + AMp = C(A) pIT) =0
and thus the correlation operator of Zy, 13 given by

EZ, Z, —-EZ E, =
1 Ty T

P SIS

1) (REOFO) ] < BOIYE R Y. F > e

+ [ < 97, £ < ar

where p', ¢ are the solutions of (6.9) corresponding to f, = 7} and 7, = f2
regpectively.

6.2 Estimation
Let 8 = a{Zy,, f. € L*(0,T, F")). We define the LRF. on H

(6.11) Gu(T) = B [g(T)] B]

and our objactive iz to derive a Kalman filter for ,(77). It iz uzeful to observe
that
(6.12) 8=0(z

as

W, W< T)

2

where f2 iz an orthonormal basis of F7.
We begin by defining linear estimates. If 5 € £{Z2(0, 7Y, H) we define the
LEF

(618) 43T = @IV 1) + Zouy, — [ <R, 5B =t

Miote that

EY(T) = G(T),h) .
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Lt the linear estimate error be defined by

(6.14) e (T) = nfT) -9 (T)

which a2 a mathematical expectation equal to 0. The best linear filter 12 the
operator S if it existe, such that

(6.15) E|€E[T)|2 < E|€i[i"’]|2, VS, Wh .

We ghall prowe that auch 5 exigta, and iz unique.

6.3 The best linear filter is the solution of the filtering
problem

Wa proe
Theorem 6.1 If 5 satisfies {6.15}, then one has

(6.16) #(T) = 9o (T)

Proof.
Note that from (5. 13)

BT = GO+, - [ T efaaln, Shle) > dt
+ z. - K < C(Dg(t), STh{D) > dt
changing in (8.15), 8 by &+ .5, yields
0<E|Z,, - [JT < Ce)g(e), 5 > df - 28 Z,.,
Sinece 5 iz arbitrary, necesgarily we have

(6.17) E&z, =0, %3 W

fo
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If f2 i the basiz of F', we define for ¢ and k give the map Ss.ré,e- c (L0, T, F, H)
by
H . h 5
8. 0= | <7 >ar, YO eF0nF)
[t iz eaay to checl that
8 h o= fillgy .

bS8

Applying (617 with §= 5 we obtain

L
<

ELz. =0

s

Since E‘f and Sﬁl are gausian, the non ecrrelation impliss the indepen-

o8
dance. Hence Ef iz independant from 3{61 . %, Wi Therefore Eﬁ ig indepen-
0
dant from 8. Thiz impliss (6.16) and complates the procf. O

6.4 Computation of the best linear filter

From (5.8), (57) appliad to £ =T, and (6.8), it i# easy to check that, if
one introduces 51 sclution of

il

_E+A=[tj§ = —C*)E%h(E)
(6.18)
Bt = h
then cne hasz
(6.19) R (T) = Cag +Ezvary + 40

andd thus

BT = (AO,60) + [ < B E 8,50 > a
(6.20)
+ L " o AHSR(E), SR(D) > di
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Fromthis equality, it iz standard tocheck that eonaidering the coupled avatem

4A
§ F ARG+ BIOQIOB ) =0 &(0)+ Bpf0) =0
(.21)
4
DAy -CcORIBCMA=0 T =k
which has a unique solution, and setting S() € £{L*(0,T, F); H) by the
relation

(6.22) (SF()h)=-— fu "< f), AC[A() > dt, VAL vk

then & satisfies (5.15), and iz unique.
To make & more explicit, we asociate f{-) € L*(0, T F), the couplad
gygtem

2 | Amg+ Bl EHE =0
‘%”"‘iﬂﬁ - CH{H AT (Heg = —C O AT A
(6.23)
3(0) + B(0) =D
B(T) =0

which has a unique golution. Then

(6.24) SF() =4(T).
Note alzo that from (8.21), one has
(6.25) Fh(D) = —RUBC(DAT).

6.5 Decoupling Theory

To recover the Kalman filter, we use the decoupling theory (sse J L. LIONS
[E], A BENSOUSZAN [3]). We assume here that

(6.26) Cf) € L°(0, T, £(H, F)).
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Then there exats a unique F such that

(6.27) Plye =0T, £(H, H)), P{f) =0, self adjoint.

49
If & e L0, 7)), 8 e B20, T, V"), —— + A% < L0, T H)

4t
(6.28)
d
then Pg < L*(0,TV), e LA, T V"
d af * -1 *
—(F8)+ P(—— +A") + AP§ + FCRT'CFS = BQE'
(6.29)
P = F
If we conaider the aystem (£.21), then we have
&%) = —P{)7(t)
hence 4 ia the aolution of
ﬂ + + -1 oo o _
(5.30) —— HATHCETCR =0 H(T)=h
and from (6.25), we deduce
(6.51) Fnt) = AOICEPOIE)

By analoey with (5.4), (5.6), (57) we defve sasily that the Kalman filter
#rlt) iz the sclution of

3
?h[ﬂ +/|; @Iﬂ[.‘:‘-l-C‘R—lch[rjhl::T)dT =

- # =
(6.32)  (£,h)+ fn < (n) + BT = dr+ 2y
Yhel, Wi, aa.
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Iloreover, one easly checks alao
2
(6.33) E|X ()| = (P(T)h, h)

and P(T") iz the correlation cperator of the LR.F. E‘E[T].

6.6 Conditional probability

The Kalman-filter iz the conditional expectation of %, (") given the o-algsbra
B. Let us check the

Theorem 6.2 . The condiional probabiity of e, (T, (T gien B €5
a gaussian with conditional mean €y, (T, - @5 [T and condiional corre-
laton

(6.34)  E[(9(T) — .09 (2, (T) — 8, (T8 = (PITI0s, B ).
Proof.

Wa congider the Fourrier transform of the conditional probability of 4,(77),
namely

E|ep g (T)|8] = ep 18u[T) Eleap 1en(T)|8].
Using the fact that €,(7) iz independant of 8, we have
Eleap i3en[T)|B] = F exp then(T)
1
= exp —EAE[P[TJh,hj.

Considenne nesxt

E|expd i Yot (T)|8] = E [eap U o (D) ]

Lo 1
—eapi y  dudn (T) eap — = > o PT) R g
=1 FaFa

and the regult iz cbtained.
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6.7 Innovation

Congider the LR.F. on Z2(0, 7% F') defined by

T
[535) I.ft ["'")j = Eft [Wj _[:I ync"l:-‘)h[*) [tjdt
then cne has the property

Theorem 6.3 The LR F I;(w), called the dncoation & B measurable,
g 5Ean, with

(6.36) E I, =0

(6.37) E I, Ia =LT{ RAFNE, 7206 > d

Proof. The fact that f; iz B measirable and gaussian iz clear. Note that
from (6.6) it follows that

T
[638) I.i"-t = 0 +»/|;| Ec’[#)h[*) [t)dt

hence the property (6.36) iz immediate. The proof of (8.37) iz either direct,
or a eonzedquence of o'z formula.
Indesd, lat

8*=o(z

el e’

¥f, € L0, T, F’))

then £.(t) iz independant from B* Assume to simplify a little that (6.36)
holdsz, then we can use [to's formula o azaert that

e
E Il "rn = F f -'irg £ 1
v h 0 s orerE
(6.39)

o o
= 1
+E [j Lsom S fﬂ < R, 26 > dt

and from the independance property the two first terms at the right hand
gide of (5.39) vanigh, and the result (6.37) follows.

34



7 A CLASS OF NON LINEAR PROBLEMS

7.1 Setting of the problem

Wa denote by
(7.1) By = {h=Thh,

E}Lf F; c:c}o}

where h; le an orthonormal asis of A, Doy < oo, oy = 0. We now congider
9:Hy—-H,B:H — L(F H) with

(7.2) |ath) — o(n")| . < clb —h'|m
(7.3) | Biw) - B(w)| < oh—hl|g

c(BH) —
then we conelder the ollowing problem

" &
Unlt) +/.;, U g LTIET = &k +/.;, (h, gl (m)))ar + EE'EP("’JWEW
(7.4)
l';"h- E V, l.;'.It:l a.8.

in which the notationg(f) inzide g and B*, means

(7.5) (8 = T a0,

7.2 Statement of the result

We then hawve the

Theoremb5.2 Assume (78], (7 3) then there exdsts one and only one adapted

continucus process [y € LIQ,A, P Lee(0, T, H)) sach that (7.4} holds.
Moreouer, recalling the definitions (5.5), (5.8) one has the relations

(7.6) () =&, T L (%h[ﬂ: 9[@[”)):“17 BET L TG T



Proof.
Azzume first T not too lares. let us conzider a process 201, w) with values
in H; ,adapted to the filiration £* and continuous. We define the LE B

H
(07 D=0+ [ (@l 9o + iy
and the process
(7.8) n(t) = Do, (.

Note first that m(f) iz a continuous, adapted process (see Propostion 5.2);
Iloreover

E iﬁ‘?ﬂ’"[ﬂg < C+T)hP 1+ B L T[;a[tjjﬁﬁdt)
and . ;
(7.9) 5 wp [n(of <c0+T)(1+E | po)f), a9

where we have uged the martingale propertiez of £ . Calling

B0y n 0 5
(7.10) Pra() = > aum, (Oh

i=1
we have alao

(111) B mp [P —nisf; < ( 3 adelt+ 1)1+ 5 [ el

=1

which implieg that rp(f) iz an adapted continuous procsss with values in H.
o, we have defined a map K from the closed subspace of £2(0,.4, P, (0, T H1))
made of adapted continuong procesges, into iteslf
Let ug check that Ay iz a contraction for T aufliciently emall. Indead, lat
# and # and their images v, 7

70 =0 = 2o [ (@ (7),9(207)) — ale(r))ar iy
+ ; O St B G, Oy
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and thug, thanle toassumptions (7.2), (7.3), one has
E sip [n(1) —v(t)y = C(T+T)E sup |2(f) - 2(2)%.
04T 0T

If (T +T%) « 1, we cbtain the contraction property; The fized point of Ko
i# the unique solution of (7.6). Since we can aclve (7.8) in (0,7, (T, 277,
we have obtained the desired result. From (7.8), we recover eazily (7.4),
procesding as in section 5.3, with some obvious changes. a

Remark 7.1, Assumption (7.2), (7.3) are satisfied when

g['h'j = g[[hzhljzn[hnhmjj
Bh) = B((h,h1), R k)

with 12
9z, To) — gl 200 e < O Slm —al))

12
|B(®y, -, B) = Bl 2l )llamay < C( S —=)?)
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